A new node-pairs contact algorithm is proposed to deal with a composite material or bi-material interface crack face contact and friction problem (e.g., resistant coating and thermal barrier coatings) subjected to complicated load conditions. To decrease the calculation scale and calculation errors, the local Lagrange multipliers are solved only on a pair of contact nodes using the Jacobi iteration method, and the constraint modification of the tangential multipliers are required. After the calculation of the present node-pairs Lagrange multiplier, it is turned to next contact node-pairs until all node-pairs have finished. Compared with an ordinary contact algorithm, the new local node-pairs contact algorithm is allowed a more precise element on the contact face without the stiffness matrix singularity. The stress intensity factors (SIFs) and the contact region of an infinite plate central crack are calculated and show good agreement with those in the literature. The contact zone near the crack tip as well as its influence on singularity of stress fields are studied. Furthermore, the frictional contacts are also considered and found to have a significant influence on the SIFs. The normalized mode-II stress intensity factorsK II for the friction coefficient decrease by 16% when f changes from 1 to 0.
Introduction
As the key materials of turbines for propulsion and power generation, thermal barrier coatings (TBCs) have been used to protect turbine engine blades from high temperatures, which enables modern gas-turbine engines to work at high temperatures (∼ 1600 • C), and improve the thermal efficiency of gas-turbine engines to 60%. [1] [2] [3] [4] However, the structure of a thermal barrier-coated component contains four layers (see Fig. 1 ) in general: [4] (i) the substrate, (ii) the bond coat, (iii) the thermally grown oxide (TGO), and (iv) the ceramic top coat. Different physical properties (e.g., elasticity modulus, coefficient of thermal expansion) of each layer cause the stress focusing on the interface of dissimilar materials under thermomechanics loadings. Moreover, there exists interface damage lying at the interface of biomaterials (see Fig. 2 ) caused by thermal fatigue, which enhances the concentration of stress. [5] Several failures, such as delamination and cracking, will appear at the interface and/or in the adhesive layer, causing the degradation and fracture of the substrate. [5] [6] [7] [8] Therefore, it is necessary to develop an accurate analytic method of solving the bimaterial interface crack problem, which could make a contribution to the interface failure studies of the TBC. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [4] Williams [12] performed an asymptotic analysis of the elastic fields at the tip of an open interface crack, and found that the stresses are of an oscillatory manner and the upper and lower surfaces of the crack should wrinkle and overlap near the ends of the crack, when the crack surfaces are assumed to be traction-free. Erdogan [13] and England [14] proposed the same analytical solutions. Sih and Asaro [15] proposed plastic stress fields at the tip of the interface cracks to eliminate the oscillatory manner. This unsatisfactory feature is also eliminated by Comninou [16] via introducing contact zones at the tips of an interface crack. Comninou suggested that the in-terface crack is not fully opened, but that its two faces are in contact with each other near the crack tips. Gautesen and Dundurs [17] solved Comninou's equation exactly, but their solution is quite complicated. Later, Gautesen [18] reduced the problem into an eigenvalue problem and obtained relatively simple approximate expressions for the physical quantities of interest. Although significant progress has been made in asymptotic fields, few solutions are available for a partially open interface crack with a large scale of contact. Therefore, a series of numerical approaches have been applied to deal with contact and friction problems. Among these methods, the finite-element method has been applied to closed interfacial crack problems. van der Zande and Grootenboer [19] employed a hybrid finite-element method and Lagrange multipliers to handle the crack contact at interface crack tips. Lee and Gao [20] developed a hybrid finite-element technique combined with Lagrange multipliers to model cracks in anisotropic materials with closed interfacial crack tips. Giner et al. [21] used the extended finite-element method (X-FEM) based on the use of Lagrange multiplier elements to establish the contact and calculate K II . Elguedj et al. [22] adopted a mixed augmented Lagrangian-extended finite-element method to model the elastic-plastic fatigue crack problem. When the crack surfaces are under combined compression and shear loads, the effect of contact stress on the crack surfaces cannot always be ignored. To eliminate the crack surface penetrations, the Lagrange multiplier method mentioned above is typically used. However, a large number of additional unknown variables need to be included due to the introduction of Lagrange multipliers as new variables in the traditional Lagrange multipliers method. It is still difficult to analyze the crack contact as the global stiffness matrix orders are too large for the finiteelement method when the number of contact elements is huge. Furthermore, the generated global stiffness matrix is difficult to solve for singularity. A complex and tedious iterative algorithm was commonly used for analyzing the contact problem in previous studies, which is not suitable for engineering applications. [26] TBC crack TGO bond coat 10 mm Fig. 2 . Interface determination caused by thermal cycling. [5] In this study, a new node-pairs contact algorithm is presented for the analysis of a bimaterial interface crack face contact and friction problem subjected to complicated load conditions (e.g., coating, thermal barrier coatings). To decrease the calculation scale and calculation errors, the local Lagrange multipliers are solved only on a pair of contact nodes using the Jacobi iteration method firstly, and the constraint modification of the tangential multipliers are required. After the calculation of the present node-pairs Lagrange multiplier, we turn to the contact node-pairs until all node-pairs are finished. Once the Lagrange multipliers of all node-pairs are completed, the displacement is calculated at last. Compared with ordinary contact algorithms, the new local node-pairs contact algorithm is condensed on every node pair to avoid the calculation of the global stiffness matrix. In addition, as the generated stiffness matrix of each node pair is no longer singular, the contact force can be solved iteratively without special treatment. According to the algorithm, the nonlinear finite-element program was compiled. Numerical results are given for an interface crack in an infinite bimaterial plate under remote combined loading. Comparison between the FEM solution and the analytical solution shows that the node-pairs contact algorithm is more effective than traditional algorithms in terms of computer storage, calculation accuracy, and rate of convergence. Finally, we compare the solutions with those obtained when the crack surface interpenetration is not prevented, in an effort to illustrate the significance of including crack surface friction and contact for interface crack problems. We consider two bodies, a master (target) body Ω (t) and a slave body Ω (s) , as shown in Fig. 3 . The local coordinates are established on the crack surface. Let (t) and (s) be the displacement field solution on region Ω (t) and Ω (s) , respectively. The normal and tangential relative displacements between the crack faces Γ c are defined as [26] [27] [28] 
where and are the outward normal and tangential vectors to the surface. Let p n and τ be the normal and tangential load acting on the contact point.
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. Local coordinate on crack surface.
The normal contact conditions may be expressed in the standard Kuhn-Tucker form as [26, 29] 
where p n ≥ 0 means that if there is contact, then the pressure is compressive. The expression p n g n = 0 requires that the pressure is nonzero only when the contact occurs, i.e., g n = 0. Furthermore, when g n > 0, this condition requires p n to be zero, consistent with an out-of-contact condition. The tangential contact constraints are also obtained from the Kuhn-Tucker conditions for Coulomb friction [21, 26, 29] 
where f is the coefficient of friction. The expression τ − f p n ≤ 0 requires that the magnitude of the tangential stress vector does not exceed the product of the coefficient of friction and the contact pressure. The expressions
and ξ ≥ 0 define the colinearity of slip velocity and frictional stress in rate form, and ( τ − f p n )ξ = 0 permits slipping to occur only when the magnitude of the tangential traction is equal to f p n . Considering a region Ω with an arbitrary crack, a given load along the Γ σ and prescribed displacement d along the Fig. 4 . The potential energy Π p expressed as the sum of the elastic strain energy, the cohesive energy, and the work of external forces [19, 26] 
where is the given elastic matrix, = is the strain vector, is the differential operator, is the whole displacement field, is the body force,
is the boundary traction, and T denotes the transposition. The contact force on Γ c , which are treated as independent variables in the present problem, can also be viewed mathematically as Lagrange multipliers . The actual displacement is characterized by an optimality condition: it is a local minimum of the potential energy. [28, 30] By minimization of the potential energy Eq. (5) and combination of Eq. (3) and Eq. (4), we find and satisfy
where λ n is the normal Lagrange multiplier, and τ = (λ τ 1 , λ τ 2 ) T is the tangential Lagrange multiplier vector for the three-dimensional space.
2.2. Finite-element discretization dedicated to contact along the crack faces [27, [31] [32] [33] [34] The finite-element method (FEM) is based on the partition of unity concept. [32] For a mechanical or physical problem, after the mathematical model is determined, the computational domain is discretized by a series of elements with regular shape in FEM. Then the potential energy of the system is the sum of potential energy of all elements, and equation (6) is rewritten as
The FEM displacement field approximation solution is given by
where
is the interpolation function matrix, and N i (i = 1, 2, . . . , m) is the element linear shape functions basis of the threedimensional (3D) finite elements space. The crack interface is composed of two-dimensional elements, which are sub-elements resulting from threedimensional elements cut by the crack and called here the interface elements. The interface is discretized by integration points. The field of Lagrange multipliers are defined on interface elements [27, 34] 
is the interpolation function matrix, and
is the element dual linear shape functions basis of the two-dimensional (2D) interface elements space. 8), after the determination of displacement field , the strain field solved by geometric equation is given by
where is the strain matrix. By introducing transition matrix , the element node displacement array e is expressed by the structure node displacement array
T , and n is the total node number of structure.
In the same way, the element node Lagrange multiplier array e is replaced by structure node displacement array by introducing transition matrix
s is the total Gauss node number of crack faces. Introducing Eq. (12), (11), the strain field Eq. (10) and the discretized quantities on the crack faces Eq. (9) in Eq. (7), we obtain the discretized equation as
where e = Ω e T dΩ is the element stiffness matrix, the load array of element equivalent node is e = Ω e T dΩ + Γ e σ T dΓ , the load array on the interface element is e = e c Φ T dΓ , and is the correlation matrix, which yields = (t) − (s) . Then equation (13) can be rewritten as
is the global stiffness matrix, = ∑ e ( T e ) is the constraint matrix, and
is the nodal loads vector. According to the variational principle, [33] equation (14) is equivalent to
2.3. Basic principle of the node-pairs Lagrange multiplier method for modeling crack contact and friction
Considering the i-th node pairs, the first formula in Eq. (15) is written as
where ii = diag (k mm k mm k mm k nn k nn k nn ) is the stiffness matrix at the i-th node pairs, k mm , k mm , k mm , k nn , k nn , and k nn are the diagonal elements in the formed total stiff matrix.
ii = diag a mm a mm a mm a nn a nn a nn (17) is the diagonal matrix of stiffness matrix at the i-th node pairs, i = [u m v m w m u n v n w n ]
T is the i-th node pairs dis-
T is the Lagrange multipliers vector at the i-th node pairs, and m and n are the node number with regard to the i-th node pairs. Combining the contact and friction constraint condition of node pairs, similar to Eq. (16), we solve the local Lagrange multiplier l i as follows:
where l i = i i , and i is the transition matrix from global coordinate to local coordinate.
In the problem of Eq. (18), the Jacobi iteration method is adopted to solve l i . During the solving process, a modification of normal and tangential multipliers under the inequality constraints in the second formula of Eq. (18) is described as
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After the calculation of all point multipliers, the Lagrange multipliers are substituted into the equation − − = 0. An incomplete factorization technique is used to solve displacement . The computation of Lagrange multipliers and displacement is iterative, until the error precision required can be attained.
The iterative algorithm of frictional contact is described as follows: i) Extraction of ii , ii , and i . The subscript i denotes the i-th node pairs.
ii) Initialization of iterative step p = 0, multipliers 1 = 0 and = 0, displacement = 0, and stopping criterion ε 1 and ε 2 for iteration.
iii) Calculation of ¯l iv) By substituting (¯i) p (i = 1, 2, . . . , s) into − − = 0, the displacements p are solved iteratively based on an incomplete factorization technique and the iteration error ERR = p − p−1 L 2 is calculated. v) Convergence judgments. If the convergence result (err ≤ ε 1 or ERR ≤ ε 2 ) is achieved, we stop the calculation; otherwise, we set p = p + 1 and go to step iii).
In the above procedure, the stiff matrices ii , ii , and i need to be formed only once at the first step of iteration. The right-hand vectors are updated at each following iterative step. As the Lagrange multiplier and displacement are solved respectively, this could decrease the calculation scale and prevent the diagonal matrix from being zero. More importantly, as the Lagrange multipliers solved node-pairs, the requirement of computer storage is not high and the size of elements on the contact surface could be very small.
Stress intensity factors of an interface crack with frictional contact
The asymptotic problem of interface cracks with sliding friction was first studied by Comninou for interface cracks. [9, 16] The main feature of their results is that the singular stress field near a closed crack tip is quite different from the oscillatory singular field of an open crack. The interfacial tractions in the front of the interface and behind the tip of a crack lying on the interface between two dissimilar, linearelastic, anisotropic materials (see Fig. 5 ) are given by [10, 35] 
where K II is the mode II stress intensity factor,
is a Dundurs parameter, µ i (i = 1, 2) are the shear moduli for the media, and
where v i are the Poisson ratios, and subscripts (i = 1, 2) stand for upper and lower materials, respectively. The ω is the minimal eigenvalue of cot ωπ = s f β . The proper choice of s = ±1 induces correspondence between the shear stress and tangential shift directions at the point of application, so that sgn(σ xy ) = sgn(∆u x ).
y r The displacement field along the crack face (θ = π) can be deduced as
where A = 1 4ω
The individual SIF at the crack tip can be obtained based on the stress distribution around the crack tip as
The individual SIF at the crack tip can be determined from the displacement field as
When the stress and displacement fields near the crack tip are predicted from the FE simulation, the SIF at the crack tip can be determined by the extrapolation method. The effective SIF K eff and the phase angle ψ acting as fracture mechanics quantities for modeling the fracture process can be obtained, respectively, by [7, 35] 
4. Numerical example and discussion
Interface crack with frictionless contact
A center crack lying between two dissimilar isotropic media under combined shear and compressive loading (see Fig. 6 ) is used to examine the accuracy of the aforementioned technique. The plane is 2W = 20 m with a L = 2 m crack. The a is the left crack opening length, and b is the right crack opening length, in which the x-y coordinate is located at the center of the crack. The mechanical properties of the upper materials are chosen as E 1 = 35 MPa, and v 1 = 0. The elastic modulus of the lower materials E 2 is determined according to β = 0, 0.1, 0.2, 0.3, 0.4, 0.5, and v 2 = 0. The applied shear stress S was assumed to be 0.1 MPa. The tension load is defined based on the tension/shear ratios (T /S) ranging from −0.4 to 0.4. A negative ratio that means compressive load is applied instead of tension. The friction coefficient is taken to be f = 0 (no friction). The finite-element mesh for the panels is depicted in Fig. 7 . The width and the height near the contact boundary of the plate were taken to be 1000 times the crack length L. The plane strain was assumed for all FEM analyses in this study. Following Ref. [17] , the normal gap is non-dimensionalized as
, Figures 8 and 9 show a comparison of some of the finiteelement results with that in Ref. [17] . Excellent agreement is observed in Figs. 8 and 9 . It may also be noted that as the ratio (T /S) ranges from −0.2 to 0.2, the tangential shift changes slightly, but the normal gap decreases and the contact region increases. the crack tip with a large contact zone are also shown in Table 1. These results are compared with the previously reported results by Gautesen and Dundures, [18] and the maximum difference is less than 4%. Figure 10 shows the variation of the large contact zone sizes b/L with β . It is interesting to note that with the increase in β , the extent of the large contact zone may increase for T /S < 0 and decrease for T /S > 0. However, the value of b/L changes little for T /S = 0. The variation of the normalized mode II stress intensity factor at the tip with the large contact zone is shown in Fig. 11 . The normalized mixed-mode stress-intensity factor K eff /P √ πL is plotted in Fig. 12 . The theoretical solution is larger than numerical one, especially for T /S = −0.4, which demonstrates that the error arises when the large-scale crack surface contact is neglected. 
Effect of friction coefficients
An open crack may be forced to close even if only the shear load is applied. The effect of friction force between the cracks of the upper and lower surfaces is investigated. The material properties are employed to attain α = 1 and β = 0.5. The finite element mesh is shown in Fig. 5 and the friction coefficients are f = 0.25, 0.5, 0.75, and 1.0. The non-dimensional normal gapsV are plotted as curves in Fig. 13 . Compared with Ref. [24] , an excellent agreement is observed in Fig. 13 . We can see the normal gaps ∆Ū decrease and the contact zone increases with the friction coefficients. The normalized tangential shifts are plotted in Fig. 14 . It may be noted that with increasing friction, the tangential shift decreases and the stress intensity factors decrease (see Fig. 15 ). The size of contact zone increases from 0.66 to 0.83 when the friction coefficient changes from f = 0 to f = 1.0. The normalized stress intensity factorK II decreases from 1.03 to 0.86 when the friction coefficient changes from f = 0 to f = 1.0. 
Conclusions
A node-pairs Lagrange multiplier method for modeling bimaterial interface crack face contact and friction was presented. The extent of the large-scale contact zones, displacements, and values for the mode II stress intensity factors were found to be in agreement with the previous analytical results. The effects of tension/shear ratios and Dundurs parameter β on contact zone sizes and the mode II stress intensity factors were found. Compared with the case where we ignore contact, the normalized mixed-mode stress-intensity factor at the right crack tip for considering contact is less than that of an embedded interface crack, which demonstrates that an error arises. When considering frictional contact, the normalized normal gap and the tangential shift decrease as the frictional coefficients increase. For f = 1.0, the mode II stress intensity factors decrease by 16% with respect to f = 0, and hence may be overestimated when neglecting frictional contact. The nodepairs Lagrange multiplier method can give accurate calculation result not only for the interface crack but also for the crack of homogeneous material. A center crack face on the cracked Brazilian disk specimens subjected to shear-compressive loading may be analyzed by this method.
